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Abstract
We compute the first-order α′-corrections to a general family of supersymmetric heterotic
backgrounds which describes a rotating superposition of a fundamental string and a mo-
mentum wave. We focus on a particular solution within this family that gives raise, upon
dimensional reduction to five dimensions, to a black ring with two charges and one dipole
that has a singular horizon with vanishing area in the supergravity approximation, better
known as small black ring. We show that the singularity at the horizon persists even after the
first-order α′-corrections have been taken into account. This implies, contrary to what has
been argued in the literature, that higher-derivative corrections do not resolve the singular
horizon of the 5-dimensional small black ring, at least at first-order in α′.
E-mail: alejandro.ruiperez@uam.es
ar
X
iv
:2
00
3.
02
26
9v
1 
 [h
ep
-th
]  
4 M
ar 
20
20
Contents
1 Introduction 1
2 The effective action of the heterotic superstring 4
2.1 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3 A family of α′-corrected heterotic backgrounds 6
3.1 The zeroth-order solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 First-order α′-corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
4 Small black rings from rotating strings 8
4.1 5-dimensional small black rings . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4.2 Higher-derivative corrections to small black rings . . . . . . . . . . . . . . . . . 14
5 Conclusions 16
A Connections and curvatures 17
A.1 Levi-Civita spin connection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
A.2 Torsionful spin connection Ω(−)ab . . . . . . . . . . . . . . . . . . . . . . . . . . 18
B Unbroken supersymmetries 19
C Dimensional reduction to d = 5 dimensions 20
1 Introduction
The study of black holes in string theory has been one of the major areas of research over
the past decades, especially after Strominger and Vafa [1] were able to reproduce the
Bekenstein-Hawking entropy of a certain class of supersymmetric —hence, extremal—
3-charge black holes in five dimensions by counting the degeneracy of BPS states of a
system of D-branes wrapped on internal cycles. A crucial aspect of this setup is that the
number of charges excited agrees with the minimum number of charges that are needed
in order to have a supersymmetric black hole with non-vanishing horizon area, namely
three in the case of five-dimensional black holes and four in the case of four-dimensional
black holes.
There are, however, certain systems in string theory whose degeneracy of BPS states
can be computed and it is finite but its low-energy (supergravity) description is an
1
extremal black hole with vanishing horizon area. In this case, it is widely accepted
that the mismatch is solved by the higher-derivative corrections to the supergravity
effective action, which must come to the rescue to stretch the area of the horizon in
a way such that the corrected (Wald) entropy is in agreement with the degeneracy of
BPS states. Perhaps the most representative example is the F1-P system, also known as
Dabholkar-Harvey (DH) system, which consists of a heterotic fundamental string (F1)
that is wounded w times along a compact direction, let us call it z, and a momentum
wave (P) travelling also along z with momentum n. This system contains a tower of
BPS states whose degeneracy was computed in [2] and the answer is
Smicro = 4pi
√
nw , n, w >> 1 . (1.1)
Supersymmetric black holes in four and five dimensions with the same conserved charges
as the DH system were found in [3, 4] as particular cases of more general families of
heterotic black holes. However, since only two charges are excited, the horizon area of
these black holes vanishes in the supergravity approximation —being this is the reason
why they are often called small black holes— and, what is even worse, the curvature
blows up there. This actually informs us that the effective description used to decribe
them breaks down near the horizon, where the curvature is no longer small in string units.
It was then suggested by Sen [5] that higher-derivative corrections to the supergravity
action1 —which are more and more relevant as we approach the singular horizon— would
stretch the horizon of the black hole. Furthermore, he was able to show by means of
a scaling argument that the correction to the entropy, if finite, would have the right
dependence on the charges, i.e.:
SWald ∼
√
nw . (1.2)
The proportionality constant, however, could not be fixed at that time by just using
the aforementioned scaling argument. Instead, its computation was addressed almost
ten years later in [6–9] for the case of four-dimensional heterotic small black holes,
finding the precise of value of 4pi, apparently in perfect agreement with (1.1). However,
it has been recently shown in [10] —on the basis of an analytic solution— that the
regularization observed in [6–9] is due to the presence of additional sources: solitonic
5-branes and Kaluza-Klein (KK) monopoles. Then, the regularized solution considered
in those papers does not actually describe a genuine small black hole but just a special
case of the regular black hole with four charges which has the property that its entropy
coincides numerically with (1.1).
1It turns out that in this case the relevant higher-derivative corrections are the so-called α′-
corrections. Loop or quantum corrections can be ignored at the horizon since the dilaton vanishes
there.
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Let us now consider the case in which angular momentum is added to the F1-P
system. In this case, the degeneracy of string states was computed by Russo and Susskind
in [11] —see also [12–14] and references therein— and the result is
Smicro = 4pi
√
nw − JW , (1.3)
where J and W are the angular momentum and the winding number along the direction
of rotation.
The supergravity solutions with the same conserved charges as the rotating DH system
were constructed in [15–17] and they are reviewed with some detail in Section 4. It was
shown in [18, 19] that a particular class of them gives raise to supersymmetric 2-charge
black rings in five dimensions which also have a singular horizon with vanishing area,
analogously to what occurs for small black holes. Then, the natural question was: do
higher-derivative corrections stretch the horizon of small black rings? Some evidence in
favor was given in [20], where the entropy of 5-dimensional small black rings was related
to that of static 4-dimensional small black holes by making use of the 4d-5d connection
[21–24]. In addition to this, in [19] it was shown that the scaling analysis used in [5]
for small black holes also applies for small black rings and that the Wald entropy would
reproduce (1.3) up to an overall proportionality constant.
Let us observe, however, that the evidence in favor of the regularization of small black
rings via higher-derivative corrections is based on certain premises that need not to be
true. On the one hand, the argument given in [19] is based on the regularization of four-
dimensional small black holes, which has been refuted in [10]. On the other, the scaling
argument of [5, 19] only works if the correction to the Bekenstein-Hawking entropy is
finite, which is not the case for small black holes —see e.g. [25, 26]— nor, presumably,
for small black rings.
Our contribution to the preceding discussion will be to compute analytically the
leading higher-derivative corrections to the singular small black ring solution in five
dimensions. The paper is organized as follows: In Section 2, we review the effective
action of the heterotic superstring at first-order in α′, which captures the leading higher-
derivative corrections to the small black ring solution. In Section 3, we find a general
α′-corrected family of solutions describing a rotating superposition of a fundamental
string and a momentum wave. In Section 4, we discuss a particular class of solutions
within this general family that gives raise, upon dimensional reduction on a 5-torus, to
the singular small black rings. Finally, Section 5 contains a summary of the main results
and the conclusions. Several appendices with additional information are also included.
3
2 The effective action of the heterotic superstring
In this section, we are going to review the relevant information about the effective field
theory of the heterotic superstring that we shall use in the remaining of the text. We
are going to assume that the string coupling constant is small, gs << 1, so that loop
or quantum corrections can be safely ignored. Even in this limit, the effective action of
the heterotic superstring [27, 28] contains an infinite tower of higher-derivative terms,
although only a few of them have been explicitly constructed. This higher-derivative
expansion is usually referred to as α′-expansion since a term with 2n derivatives will be
multiplied by α′n−1, where α′ = `2s and `s is the string scale.
2 For the purposes of this
work, however, it is enough to present the action up to second order in α′. Using the
conventions of [29], we have 3 — see e.g. [25, 30, 31]—
S =
g2s
16piG
(10)
N
∫
d10x
√−g e−2φ
{
R− 4 (∂φ)2 + 1
2 · 3!H
2 +
α′
8
R(−)µνabR(−)µνab
+O (α′2)} , (2.1)
where G
(10)
N is the 10-dimensional Newton constant and gs is the string coupling constant.
The metric gµν is the string frame metric, φ is the dilaton and H is the 3-form field
strength of the Kalb-Ramond 2-form B, whose definition is
H = dB +
α′
4
ωL(−) , (2.2)
where ωL(−) is the Lorentz Chern-Simons 3-form associated to the torsionful spin connec-
tion
ωL(−) = dΩ(−)
a
b ∧ Ω(−)ba − 2
3
Ω(−)ab ∧ Ω(−)bc ∧ Ω(−)ca , (2.3)
which in turn is defined as
Ω(−)ab = ωab − 1
2
Hc
a
b e
c , (2.4)
where ωab represents the Levi-Civita spin connection. Finally,
R(−)ab = dΩ(−)ab − Ω(−)ac ∧ Ω(−)cb , (2.5)
2By dimensional analysis, a term with 2n derivatives must be multiplied by a coupling of dimension
length2n−2. In the case of the superstring theory, these couplings must be fully controlled by α′, which
is the unique dimensionful parameter of the theory.
3We have set to zero the gauge fields that are also active at first order in α′, which is always a
consistent truncation.
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is the curvature 2-form associated to the torsionful spin connection.
Let us notice two important aspects of the definition (2.2). The first one is that it implies
that the Bianchi identity of H gets corrected by
dH − α
′
4
R(−)ab ∧R(−)ba = 0 . (2.6)
The second one is that (2.2) is a recursive definition that one has to implement order
by order in α′. Hence, the action (2.1) and the Bianchi identity (2.6) actually contain
an infinite tower of implicit α′-corrections.
Finally, we want to emphasize that the action (2.1) makes sense only in the limit
where the higher-order α′-corrections are subleading. This occurs, on general grounds,
when the curvature is small as compared to α′, namely
α′R << 1 , (2.7)
where R denotes schematically the curvature. If this is case, then it is justified to
ignore terms with increasing number of derivatives since these will be more and more
suppressed.
2.1 Equations of motion
In order to write the equations of motion derived from (2.1), we shall use a lemma which
was proven in [28]. The lemma states that the variation of the action with respect to the
torsionful spin connection δS
δΩ(−)ab
is proportional to α′ and the zeroth-order equations of
motion plus O (α′2) terms. Taking this into account, let us now separate the variation
of the action with respect to the fields into explicit and implicit variations occurring
through the torsionful spin connection as follows
δS =
δS
δeaµ
∣∣∣∣∣
exp
δeaµ +
δS
δφ
δφ+
δS
δBµν
∣∣∣∣∣
exp
δBµν
+
δS
δΩ(−)ab
[
δΩ(−)ab
δecρ
δecρ +
δΩ(−)ab
δBµν
δBµν
]
.
(2.8)
Because of the aforementioned lemma, if we work perturbatively in α′, the second line
above will yield O (α′2) terms which we shall ignore. Then, taking into account only the
explicit variations, one has that the α′-corrected equations of motion are
5
Rµν − 2∇µ∂νφ+ 1
4
HµρσHν
ρσ = −α
′
4
R
(0)
(−)µρabR
(0)
(−)ν
ρab +O (α′2) , (2.9)
(∂φ)2 − 1
2
∇2φ− 1
4 · 3!H
2 =
α′
32
R
(0)
(−)µνabR
(0)
(−)
µνab +O (α′2) , (2.10)
d
(
e−2φ ? H
)
= O (α′2) , (2.11)
where R
(0)
(−)µνab denotes the zeroth-order curvature. Therefore, the equations of motion
will be of second-order in derivatives since the quadratic-curvature terms in the action
(2.1) only act as a sort of effective “source term”.
3 A family of α′-corrected heterotic backgrounds
3.1 The zeroth-order solutions
Let us consider the following field configuration at zeroth-order in α′
ds2 =
2
Z(0)−
du
(
dt+ ω(0) − Z
(0)
+
2
du
)
− ds2 (Ed−1)− ds2 (T9−d) , (3.1)
B =
1
Z(0)−
du ∧ (dt+ ω(0)) , (3.2)
e2φ =
g2s
Z(0)−
, (3.3)
where ds2
(
T9−d
)
= dz1dz1 + · · · + dz9−ddz9−d is the metric of a (9 − d)-dimensional
torus with total volume VT9−d = (2pi`s)
9−d and ds2
(
Ed−1
)
= dxmdxm is the metric of a
(d−1)-dimensional Euclidean space on which the functions Z(0)± and the 1-form ω(0) are
defined. Hence, they do not depend neither on the light-cone coordinate u = t − z nor
on the internal coordinates parametrizing the torus.
The configuration we have just presented has been extensively studied in the liter-
ature4 since it preserves half of the spacetime supersymmetries and describes —as we
will see in the next section— a rotating superposition of a fundamental string and a
momentum wave.
The zeroth-order equations of motion can be straightforwardly derived from
Eqs. (2.9), (2.10) and (2.11) by just setting α′ → 0. One finds that they are satis-
fied by our configuration if
4See [15–17, 19, 32–38].
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∂2Z(0)± = 0 , (3.4)
∂pΩ
(0)
pm = 0 , (3.5)
where ∂2 = ∂m∂m and Ω
(0) = dω(0).
3.2 First-order α′-corrections
Let us now assume that we have a solution to the zeroth-order equations of motion —i.e.
two functions Z(0)± and a 1-form ω(0) satisfying (3.4) and (3.5) respectively— and try to
find a solution to the corrected equations of motion. For that, we will assume the same
ansatz as before, namely5
ds2 =
2
Z−du
(
dt+ ω − Z+
2
du
)
− ds2 (Ed−1)− ds2 (T9−d) , (3.6)
B =
1
Z− du ∧ (dt+ ω) , (3.7)
e2φ =
g2s
Z− , (3.8)
with
Z± = Z(0)± + α′Z(1)± +O
(
α′2
)
, (3.9)
ω = ω(0) + α′ω(1) +O (α′2) . (3.10)
It is not difficult to see by using the results of Appendix A that the Lorentz Chern-
Simons 3-form (2.3) vanishes for our ansatz. Then, we find that the form of H is exactly
the same as in the zeroth-order case
H = dB =
∂mZ−
Z2−
dxm ∧ (dt+ ω) ∧ du− 1Z−Ω ∧ du , (3.11)
where Ω = dω. Therefore, the left-hand side of equation of motion of the KR 2-form
(2.11) has exactly the same form as for the zeroth order solution. Since the right-hand
side vanishes — at least at first-order in α′ —, the conditions imposed by this equation
will be exactly the ones that we already found at zeroth-order in α′, namely
5We show in Appendix B that this configuration is also supersymmetric at first-order in α′.
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∂2Z− = O
(
α′2
)
, (3.12)
∂pΩpm = O
(
α′2
)
. (3.13)
It turns out that as a consequence of supersymmetry —see [39, 40]— the equation of
motion of the dilaton is also satisfied if (3.12) holds. Finally, for the Einstein equations
(2.9) — making use of the zehnbein basis defined in (A.1) — we find that the +− and
+m components are satisfied if (3.12) and (3.13) hold whereas the ++ component gives
Z(0)−
2
∂2Z+ =− α′R(0)(−)+mn+R(0)(−)+mn− +
α′
4
R
(0)
(−)+mnpR
(0)
(−)+mnp +O
(
α′2
)
=α′Z(0)−
{
−1
2
(
∂m∂nZ(0)+ −
∂mZ(0)+ ∂nZ(0)−
Z(0)−
)(
∂m∂nZ(0)−
Z(0)−
− ∂mZ
(0)
− ∂nZ(0)−
(Z(0)− )2
)
+
1
4
Z(0)− ∂m
(
Ω
(0)
np
Z(0)−
)
∂m
(
Ω
(0)
np
Z(0)−
)}
+O (α′2) .
(3.14)
The above equation can be rewritten using that Z(0)± and ω(0) satisfy the zeroth-order
equations of motion as follows
∂2
{
Z+ − α′Ω
(0)
mnΩ
(0)mn − 2∂mZ(0)+ ∂mZ(0)−
4Z(0)−
}
= O
(
α′2
)
, (3.15)
whose solution is
Z+ = Z(0)+ + α′
Ω(0)mnΩ
(0)mn − 2∂mZ(0)+ ∂mZ(0)−
4Z(0)−
+O (α′2) , (3.16)
with Z(0)+ harmonic in Ed−1. The remaining components turn out to be automatically
satisfied for our ansatz.
4 Small black rings from rotating strings
Let us now discuss a particular class of heterotic backgrounds to which the results of
Section 3 can be applied. These can be derived from the ones obtained originally in
[15, 16], where also dependence in u is allowed. The functions Z(0)± and the 1-form ω(0)
are given by
8
Z(0)− = 1 +
q−
||xm − Fm||d−3 , (4.1)
Z(0)+ = 1 +
q+ + q−F˙ 2
||xm − Fm||d−3 , (4.2)
ω(0)m =
q−F˙m
||xm − Fm||d−3 , (4.3)
where Fm = Fm(u) are arbitrary functions of u = t − z, q− and q+ are constants and
the dot denotes derivative with respect to u.
In the static limit, which corresponds to Fm = const, one recovers the solutions of
[32, 33] which describe a superposition of a fundamental string wrapped along the in-
ternal direction z and a momentum wave that travels also along the z-direction. Upon
dimensional reduction on T9−d × S1z, these static solutions correspond to extremal 2-
charge black holes in d = 4, 5 dimensions [3, 4], which are also referred to as small black
holes.
In the rotating case, Fm 6= const, the string is no longer located at a point in the
non-compact space. Instead, its position is parametrically given by
xm = Fm(u) . (4.4)
From this family of rotating string backgrounds, one can obtain a class of solutions with
no dependence in the internal coordinate z —see [17]— by the usual smearing procedure,
which amounts to keeping only the zero mode in the Fourier expansion, namely:
Z(0)− = 1 +
∫ `
0
q−
||xm − Fm||d−3 du , (4.5)
Z(0)+ = 1 +
∫ `
0
q+ + q−F˙ 2
||xm − Fm||d−3 du , (4.6)
ω(0)m =
∫ `
0
q−F˙m
||xm − Fm||d−3 du , (4.7)
where ` = 2piwRz.
Let us check that indeed the smearing procedure leads us to a solution. In first place,
it is clear that Z(0)± are harmonic functions in Ed−1 and thus Eq. (3.4) is satisfied.6 It
remains to check that Eq. (3.5) is also satisfied. Since ω
(0)
m is also a harmonic function
in Ed−1, it reduces to
6 Except at the pole of the harmonic function, where one must take into account also the contribution
from the sources [16].
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∂m∂pω
(0)
p = 0 . (4.8)
From (4.7), we have that
∂pω
(0)
p =
q−
||xm − Fm (0) ||d−3 −
q−
||xm − Fm (`) ||d−3 , (4.9)
which vanishes if Fm (u) = Fm (u+ `), in which case (3.5) is satisfied. We shall assume
this in what follows. In fact, as in [16, 17], we are going to restrict ourselves to a circular
profile of the form
F 1 = R cos
(
Wu
wRz
)
, F 2 = R sin
(
Wu
wRz
)
, F 3 = · · · = F d−1 = 0 . (4.10)
In this case, the string is wrapping a 2-dimensional torus parametrized by the coordinates
z and ψ, the latter being the angular direction in the x1−x2 plane. The parameters w and
W are telling us how many times the string is wound around the z− and ψ−directions,
respectively. As we are going to see next, when this solution is compactified on T4× S1z,
it corresponds to a 2-charge black ring in d = 5 dimensions.
4.1 5-dimensional small black rings
The full 5-dimensional configuration that one gets upon dimensional reduction on T4×S1z
is given in Appendix C. Here we will just focus on the 5-dimensional metric in the
Einstein frame, which is given by
ds2E,5 =
(
Z(0)+ Z(0)−
)−2/3 (
dt+ ω(0)
)2 − (Z(0)+ Z(0)− )1/3 ds2 (E4) , (4.11)
where
Z(0)− = 1 +
Q−
`
∫ `
0
du
||xm − Fm||2 , (4.12)
Z(0)+ = 1 +
Q+
`
∫ `
0
du
||xm − Fm||2 , (4.13)
ω(0)m =
Q−
`
∫ `
0
F˙mdu
||xm − Fm||2 , (4.14)
and where we have defined
Q− = q−` , Q+ = q+`+ 4pi
2W 2R2q−
`
. (4.15)
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As pointed out in [18, 19], this 5-dimensional solution is nothing but a particular case of
the supersymmetric 3-charge black ring constructed in [41]. In order to see this explicitly,
we have to perform the integrals appearing in Eqs. (4.12), (4.13) and (4.14), for which
it is convenient to introduce the set of coordinates ξ, η, ψ, φ, defined as follows
x1 = ξ cosψ , x2 = ξ sinψ , x3 = η cosφ , x4 = η sinφ . (4.16)
After a bit of algebra, one finds
Z(0)± = 1 +
Q±√
(ξ2 + η2 +R2)2 − 4R2ξ2
, (4.17)
ω(0) =
piQ−W
`
 ξ2 + η2 +R2√
(ξ2 + η2 +R2)2 − 4R2ξ2
− 1
 dψ , (4.18)
where we have used that∫ 2pi
0
cosn x dx
1 + a cosx
=
2pi√
1− a2
(√
1− a2 − 1
a
)n
. (4.19)
We can write the solution in a more recognizable form by making use of the so-called
“ring coordinates” [42], defined as
ξ =
√
y2 − 1
x− y R , η =
√
1− x2
x− y R , (4.20)
where −∞ ≤ y ≤ −1 and −1 ≤ x ≤ 1. In terms of these coordinates, the 4-dimensional
Euclidean metric takes the following form
ds2
(
E4
)
=
R2
(x− y)2
[
dy2
y2 − 1 +
(
y2 − 1) dψ2 + dx2
1− x2 +
(
1− x2) dφ2] , (4.21)
and the functions Z(0)± and the 1-form ω(0) are given by
Z(0)± = 1 +
Q±
2R2
(x− y) , (4.22)
ω(0) = −q
2
(1 + y) dψ , (4.23)
where we have defined
11
q =
2piQ−W
`
. (4.24)
Once the solution is written in ring coordinates, it is easier to compare with [41] and to
confirm that the solution that we have just presented can be obtained from the super-
symmetric 3-charge black ring of that reference by setting to zero one of the monopole
charges and two of dipole charges.
Physical parameters
Let us discuss the physical interpretation of the four parameters Q+,Q−, q and R that,
together with the asymptotic values of the scalars, characterize the solution. To this
aim, it is convenient to introduce a new pair of coordinates ρ and θ such that
ρ sin θ = R
√
y2 − 1
x− y , ρ cos θ = R
√
1− x2
x− y . (4.25)
In terms of these coordinates, the Euclidean metric, the functions Z(0)± and the 1-form
ω(0) read
ds2
(
E4
)
= dρ2 + ρ2
(
dθ2 + sin2 θ dψ2 + cos2 θ dφ2
)
, (4.26)
Z(0)± = 1 +
Q±
Σ
, (4.27)
ω(0) = −q
2
(
1− ρ
2 +R2
Σ
)
dψ , (4.28)
where we have defined
Σ =
√
(ρ2 −R2)2 + 4R2ρ2 cos2 θ . (4.29)
The physical parameters can be identified by studying the large ρ-expansion of the
fields. In particular, for the vector fields —see Appendix C for more details—, we have
A±t ∼ c±
[
1− Q±
ρ2
+O
(
1
ρ4
)]
, (4.30)
A±ψ ∼ c±
[
qR2 sin2 θ
ρ2
+O
(
1
ρ4
)]
, (4.31)
A0φ ∼ c0
[
qR2 cos2 θ
ρ2
+O
(
1
ρ4
)]
(4.32)
12
where c0,+,− are moduli-dependent constants whose precise value is irrelevant for the
present discussion. As we can see, the parameters Q+ and Q− are the monopole electric
charges whereas the parameter q, instead, controls the magnetic dipole charges. The
relation between these and the parameters that characterize the sources is [19, 25]
Q− = g2sα′w , Q+ =
g2sα
′2
R2z
n , q =
g2sα
′W
Rz
. (4.33)
Let us now identify the mass and angular momentum of the solution. This can be
accomplished by first computing the large ρ-expansion of the metric7 (4.11) and then
comparing the result with the Myers-Perry solution [43]
ds2E,5 ∼
(
1− 8G
(5)
N M
3piρ˜2
)
dt2 +
8G
(5)
N Jψ sin
2 θ
piρ˜2
dtdψ −
(
1− 8G
(5)
N M
3piρ˜2
)
dρ˜2
− ρ˜2 (dθ2 + sin2 θdψ2 + cos2 θdφ2) , (4.34)
where G
(5)
N is the 5-dimensional Newton constant, M is the ADM mass and Jψ the
angular momentum along the ψ-direction. For the solution at hands, we get
M =
pi (Q+ +Q−)
4G
(5)
N
, (4.35)
Jψ =
piqR2
4G
(5)
N
. (4.36)
We can now use the relation between the 5- and 10-dimensional Newton constants and
the expression of the latter in terms of the string moduli, gs and α
′,
1
G
(5)
N
=
2piRz (2pi`s)
4
G
(10)
N
, G
(10)
N = 8pi
6g2sα
′4 , (4.37)
to rewrite the expressions for the mass and the angular momentum as follows
M =
n
Rz
+
Rz
α′
w , (4.38)
Jψ = W (R/`s)
2 . (4.39)
7ρ˜ =
√
ρ2 + Q++Q−3 .
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Singular horizon
It was shown in [41] that the supersymmetric 3-charge black ring has a regular horizon
at y → −∞ with topology S1 × S2. For the case at hands, however, the area of the
horizon vanishes and furthermore, as it occurs for small black holes, one finds that the
curvature also diverges there. Then, as we have anticipated, small black rings have a
singular horizon with vanishing Bekenstein-Hawking entropy and therefore they cannot
account for the microscopic degeneracy of the rotating Dabholkar-Harvey system (1.3).
There is the possibility that higher-derivative corrections can stretch the horizon of the
black ring, as predicted by [5]. We shall study this possibility in the next section.
4.2 Higher-derivative corrections to small black rings
Let us now use the results of Section 3 to obtain the first-order α′-corrections to the
singular small black ring solution. The correction to the function Z+ is obtained by
plugging Eqs. (4.22) and (4.23) into Eq. (3.16)
Z+ = 1 + Q+
2R2
(x− y) + α
′
4R4
(x− y)3 [q2R2(x− y) +Q+Q− (x+ y)]
2R2 +Q− (x− y) +O
(
α′2
)
. (4.40)
As we have shown in Section 3, the function Z− and the 1-form ω remain uncorrected
Z− = 1 + Q−
2R2
(x− y) +O (α′2) , (4.41)
ω = −q
2
(1 + y) dψ +O (α′2) . (4.42)
Finally, the 5-dimensional metric can be obtained from Eq. (4.11) by simply replacing
Z(0)+ , Z(0)− and ω(0) by the expressions given in Eqs. (4.40), (4.41) and (4.42). As it
occurs in the zeroth-order solution, the would-be horizon is at y → −∞, where the
product Z+Z− diverges. In Fig. 1, where we have represented the Ricci scalar of the 5-
dimensional metric RE,5 as a function of log |y|, one can see that the curvature singularity
at y → −∞ persists. As a matter of fact, one can check that in the y → −∞ limit, the
radius of the 2-sphere S2 goes to zero as R2 ∼ |y|−1/3 whereas the radius of the circle S1
diverges as Rψ ∼ |y|2/3.8
For completeness and as a check of our results, let us discuss here the small black
hole studied in [25]. For that, we have to change to the coordinate system defined in
8This implies that the product R22Rψ, which would be proportional to the area, is finite and indeed
proportional to
√
q2R2 −Q+Q−, which would be in agreement with the scaling argument of [5, 19].
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Figure 1: In the plot on the left we have represented the 5-dimensional Ricci scalar
RE,5 as a function of log |y| for x = −1 and for the particular values of the parameters:
R = 10
√
α′, Q+ = Q− = 2 · 103α′ and q = 4 · 102
√
α′. We find that the Ricci scalar
diverges as |y|2/3 as we approach y → −∞. This behaviour of the Ricci scalar near the
singularity can be better appreciated in the plot on the right, where we have represented
the logarithm of the Ricci scalar in the vertical axis.
Eq. (4.25) and then take the R → 0 limit, getting that the functions Z+ and Z− are
given by —the 1-form ω simply vanishes—
Z+ = 1 + Q+
ρ2
− 2α
′Q+Q−
ρ4 (ρ2 +Q−) +O
(
α′2
)
, (4.43)
Z− = 1 + Q−
ρ2
+O (α′2) , (4.44)
in agreement with the results of [25]. From a 5-dimensional perspective it seems that
the metric develops a regular horizon with area
AH = 2pi
2
√
−2α′Q+Q− . (4.45)
However, this solution cannot be trusted near the horizon since the 10-dimensional metric
diverges there and the low-curvature assumption under which the action (2.1) and the
equations of motion derived from it —Eqs. (2.9), (2.10) and (2.11)— were written is not
satisfied. In five dimensions, this curvature singularity manifests itself by the divergence
of the Kaluza-Klein scalar measuring the radius of the circle S1z, which informs us that
the compactification is singular.
In summary, our results show that 5-dimensional black holes/rings do not get regu-
larized by the α′-corrections, at least to first-order in α′.
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5 Conclusions
We have computed the leading higher-derivative corrections to a family of well-known
supersymmetric heterotic backgrounds, focusing on a particularly interesting class of
solutions within this general family which gives an effective (macroscopic) description
of the DH states with angular momentum. In lower dimensions, it describes small black
holes and black rings whose entropy is supposed to match the degeneracy of the DH states
(1.3) once the relevant higher-derivative corrections have been taken into account. Here
we have shown that, contrary to these expectations, the first-order α′-corrections do not
resolve the singular horizon of 5-dimensional small black rings. Instead, we have found
that the 5-dimensional metric of the solution —as well as the 10-dimensional one— has
a curvature singularity at the would-be horizon.
At this point, a reasonable question is if the higher-order corrections that we have
neglected can play a relevant role in the regularization of small black holes/rings. After
all, the corrected solution that we have presented cannot be trusted near the singular
horizon, where the perturbative treatment ceases to be justified and where presumably
the higher-order corrections that we have ignored will not be subleading. Although this
is certainly a possibility that deserves further study, we would not expect this to happen
on general grounds. The reason to believe this is that one of the requirements that the
solution must fulfill in order to be an effective description of the DH states is to preserve
1/2 of the supersymmetries, which strongly constrains the form of the solution.9 This,
in turn, seems to be incompatible with having a regular horizon.
Finally, let us point out that our results, together with those of [10], would indicate
that the degeneracy of DH states cannot be accounted for solutions with a regular
horizon. Alternatively, it might be possible to reproduce it by counting the degeneracy
of fuzzball solutions, as proposed in [44]. This is a possibility that we would like to
address in the future. Another task that is left for future work is to investigate the effect
of higher-derivative corrections on the microstate geometries of the D1-D5 system [45],
which are obtained from the solutions studied in Section 4 by performing a set of S- and
T-duality transformations.
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A Connections and curvatures
We work with the following zehnbein basis
e+ = Z−1− du , e− = dt−
Z+
2
du+ ω , em = dxm , eα = dzα , (A.1)
where m = 1, . . . d− 1 and α = 1, . . . , 9− d.
A.1 Levi-Civita spin connection
The non-vanishing components of the Levi-Civita spin connection, defined in our con-
ventions as dea = ωab ∧ eb, are
ω+− =
1
2
∂m logZ− em , (A.2)
ω+m =
1
2
∂m logZ− e− − 1
2
Ωmn e
n +
Z−
2
∂mZ+ e+ (A.3)
ω−m =
1
2
∂m logZ− e+ (A.4)
ωmn =
1
2
Ωmn e
+ . (A.5)
The curvature 2-form, defined as Rab = dωab − ωac ∧ ωcb, is given by
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R+− = e+ ∧ e−
{
(∂Z−)2
4Z2−
}
+ en ∧ e+
{
−1
4
Ωnp ∂p logZ−
}
, (A.6)
R+m = e
n ∧ e+
{Z−
2
∂m∂nZ+ − 1
2
∂(m|Z+∂|n)Z− + 1
4
ΩnpΩpm
}
+en ∧ ep {∂pΩmn + Ω(n|p∂|m) logZ−}+ e+ ∧ e−{1
4
Ωmp
∂pZ−
Z−
}
(A.7)
+en ∧ e−
{
1
2
∂m∂n logZ− − 1
4
∂mZ−∂nZ−
Z2−
}
, (A.8)
R−m = en ∧ e+
{
1
2
∂m∂nZ−
Z− −
3
4
∂m logZ−∂n logZ−
}
, (A.9)
Rmn = e
p ∧ e+
{Z−
2
∂p
(Z−1− Ωmn)− 12Ω[m|p∂|n] logZ−
}
. (A.10)
The Ricci tensor is
R++ =
Z−
2
∂2Z+ − 1
2
∂mZ+∂nZ− − 1
4
Ω2 , (A.11)
R+− =
1
2
∂2Z−
Z− −
(∂Z−)2
Z2−
, (A.12)
R+m =
Z−
2
∂n
(Z−1− Ωmn)− 12Ωmp ∂p logZ− , (A.13)
Rmn = −∂m∂nZ−Z− +
3
2
∂m logZ−∂nZ− . (A.14)
Finally, the Ricci scalar is
R = 2R+− −Rmm = 2∂
2Z−
Z− −
7
2
(∂ logZ−)2 . (A.15)
A.2 Torsionful spin connection Ω(−)ab
The non-vanishing components of the torsionful spin connection are
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Ω(−)+− = ∂m logZ− em , (A.16)
Ω(−)+m =
Z−
2
∂mZ+ e+ , (A.17)
Ω(−)−m = ∂m logZ− e+ , (A.18)
Ω(−)mn = Ωmn e+ . (A.19)
For the curvature 2-form, we get
R(−)+m = en ∧ e+
{Z−
2
∂m∂nZ+ − 1
2
∂mZ+∂nZ−
}
, (A.20)
R(−)−m = en ∧ e+
{
∂m∂nZ−
Z− −
∂mZ−
Z−
∂mZ−
Z−
}
, (A.21)
R(−)mn = ep ∧ e+
{
Z−∂p
(
Ωmn
Z−
)}
. (A.22)
B Unbroken supersymmetries
At first-order in α′, the Killing spinor equations for the gravitino ψa and the dilatino λ
are given by [28, 39]
δψa =
(
∂a − 1
4
Ω(+)abcΓ
bc
)
 = 0 (B.1)
δλ =
(
∂aφΓ
a − 1
12
HabcΓ
abc
)
 = 0 , (B.2)
where Ω(+)ab = ωab +
1
12
Hcabe
c and Γa are the 10-dimensional Γ-matrices, satisfying{
Γa,Γb
}
= 2ηab.
For our ansatz, (B.1) and (B.2) reduce to
(
∂a − 1
2
Ω(+)am+Γ
mΓ+
)
 = 0 (B.3)(
−1
2
∂m logZ−ΓmΓ− + 1
6
ΩmnΓ
mn
)
Γ+ = 0 , (B.4)
where
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Ω(+)m+ = −Z−
2
∂mZ+ e+ − ∂m logZ−e− + Ωmnen , (B.5)
is the only non-vanishing component of Ω(+)ab. Then, it is clear that a constant spinor
 subject to the constraint
Γ+ = 0 , (B.6)
satisfies the Killing spinor equations.
C Dimensional reduction to d = 5 dimensions
It is well known that the dimensional reduction of N = 1, d = 10 supergravity on T4×S1z
and truncation of all the Kaluza-Klein degrees of freedom of the 4-torus T4 gives the
STU model of N = 1, d = 5 supergravity. The bosonic field content of the 5-dimensional
theory is the metric, gE,5µν , two scalars, φ5 and k, and three vector fields, A
0,+,−. The
explicit relation between the 10- and 5-dimensional fields in our conventions can be
extracted from [46], and it is given by
ds2 = eφ−φ∞
(k/k∞)−2/3 ds2E,5 − (k/k∞)2
(
dz +
k
4/3
∞
2
√
3
A+
)2− ds2 (T4) ,(C.1)
H = − k
2/3
∞√
3gs
e2φk−4/3 ?5 F 0 +
k
−2/3
∞√
3gs
F− ∧
(
dz +
k
4/3
∞
2
√
3
A+
)
, (C.2)
φ = φ5 , (C.3)
where F 0,+,− = dA0,+,− are the field strengths of the vector fields and ?5 denotes the
Hodge dual associated to the 5-dimensional metric. The moduli φ∞ and k∞ are the
asymptotic values of the dilaton φ and of the KK scalar k. They are related to the
10-dimensional moduli gs and Rz by gs = e
φ∞ and Rz = k∞`s.
For the configuration that we consider in the main text, the 5-dimensional fields are
given by
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ds2E,5 = (Z+Z−)2 (dt+ ω)2 − (Z+Z−)1/3 ds2
(
E4
)
, (C.4)
A+ = 2
√
3 k−4/3∞
dt+ ω
Z+ , (C.5)
A− =
√
3 eφ∞ k
2/3
∞
Z− (dt+ ω) , (C.6)
A0 = −
√
3 e−φ∞k2/3∞ χ , (C.7)
e2φ5 =
g2s
Z− , k = k∞
Z1/2+
Z1/4−
, (C.8)
where χ is a 1-form defined on E4 such that
dχ = ?4dω , (C.9)
where ?4 is the Hodge dual with respect to the Euclidean metric. The integrability
condition of χ is guaranteed to be satisfied because of the equation of motion of the
Kalb-Ramond 2-form (3.5).
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